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Reproduction of kernel Hilbert spaces offers an attractive setting for imaginary time path
integrals, since they allow to naturally define a probability on the space of paths, which is
equal to the probability associated with the paths in Feynman’s path integral formulation.
This study shows that if the propagator is Gaussian, its variance equals the squared norm of
a linear functional on the space of paths. This can be used to rederive the harmonic oscillator
propagator, as well as to offer a finite-dimensional perturbative approximation scheme for
the time-dependent oscillator wave function and its ground state energy, and its bound error.
The error is related to the rate of decay of the Fourier coefficients of the time-dependent
part of the potential. When the rate of decay increases beyond a certain threshold, the error
in the approximation over a subspace of dimension 7 is of order (1/1%).
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1. Introduction

In the path integral formulation of quantum mechanics [1-3], the propagator
U(xy, Ty; xo, Ty) 1s expressed as the integral of exp(iS[x(7)]) (assume 7 = 1) over all
paths x(z) satisfying x(7)) = xo, x(71) = x;, where S[x(7)] is the classical action
along the path. In the so-called imaginary time formulation, this oscillatory integral
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is replaced by the integral of exp(—S|[x(¢)]), with the potential reversed. This is
a Gaussian integral which has nicer convergence properties (often, imaginary time
is denoted by t to distinguish it from real time 7, but here only imaginary time is
used and it is denoted by 7).

It is immediate that if the wave function at r=0, (0), is the delta func-
tion 4(x), then U(x,T;0,0) equals ¥(7) the wave function at time 7. For
simplicity, the discussion is limited to the initial condition ¥(0) = §(x) unless otherwise
stated.

The probability distribution on the paths x(7) induces a distribution on the value
at the paths’ endpoints, x(7"). The probability density f on the space of paths is defined
in imaginary time formulation by

STx(@0)] ocexp(=S[x(n)]) (M

(note that in imaginary time there is no phase, hence the difference between amplitude
and probability is just a factor of two in the exponent). This probability naturally
induces a probability distribution on the values of the paths at time 7, and it is this
distribution which defines (7). One can thus, for example, define the expectation
and variance respectively of ¥(T') by

£r= | [ DRESODDX0, Vr= [ ()~ Erfexp(=SLx(ODDx(0)

where the integral is over the Sobolev space of paths satisfying x(0) = 0 and such that
X'(¢) 1s square integrable on [0, T']. The condition x(0) = 0 corresponds to the condition
¥(0) = 8(x).

Such integrals can be computed, even though the path space is infinite-dimensional,
using the theory of reproducing kernels [4] and Gaussian measures, some of which is
summarized in [5]. The result required in this work is the following: if (x,y) is an
inner product on a Hilbert space 2, and vy € 2, then a measure can be defined such
that [, exp(—[x[*)Dx = 1 and

2
_ vl

/ 00 011> exp( 1x11%) Dx =
Q

and further, x — (v, x) defines a Gaussian random variable on €, with zero average
and a variance of (1/2)||v||>. This is a natural extension of the finite-dimensional
Gaussian integral. In order to apply this result to compute ¥(7'), one needs to define
an appropriate inner product on the space of paths (which corresponds to the
action), and also to write x(7) as an inner product with a certain vector in the space
of paths (naturally, this vector is also a path). This is achieved, for example, by using
the inner product

T
) =(5) [ 050+ o xono]a @
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for the simple harmonic oscillator, and

T
) =(3) /0 (0 (1) + DX (1) @)

for the time dependent oscillator (assume w(f) > 0). It is immediate to verify that
in both cases, S[x(7)] = ||x(¢)||*>. Thus the main effort is to find the reproducing kernel
er which satisfies (x,e7) = x(T') for every path x(¢), that is, ey is the reproducing
kernel for the evaluation at T functional (which will usually be referred to simply as
‘the evaluation at 7). Once ey is known, then the variance of y/(7") can easily be
computed using the identity Var[y(T)] = (1/2)ller||*> = (1/2)er(T), where the last
equality follows from the definition of ey as a reproducing kernel.

Note that as opposed to most of the methods which integrate over paths tied at the
two endpoints (i.e., satisfying x(7y) = xo, x(7}) = x1), here the integration is carried
over paths tied only at r = 0.

Note that one may look at the problem of estimating x(7") as a problem of Bayesian
estimation, in which x(0) is known (the measurement data), and a prior probability
is given over the paths x(¢), which assigns lower probability to ‘rougher’ paths.
Given the data and the prior, x(7") can be estimated. However, this direction is not
be pursued here.

As observed before, under the probability structure of equation (1), x — x(7T') is
a Gaussian random variable. This means that y(7") is a Gaussian; hence it is fully
determined not only by its expectation and variance but also by a multiplicative
constant. In [5], the probability on the entire space is normalized to one; however,
from physical considerations, ¥(7) should be normalized with respect to the free
particle wave function, i.e., multiplied by what may be loosely termed the ‘probability
reduction factor’

S exp(=S [x(O)Dx(1)
Sy XP(=SHX(O)Dx(1)

Py= 3)

where Sy is the free particle action (see [6]). Thus calculating/approximating the wave
function is equivalent to calculating/approximating the norm of ez, as well as P,
As for the expectation, if x(0) =0, it is clearly zero from symmetry considerations;
the general case is quite similar and is treated in Appendix I.

1.1 Reproducing kernels and finite-dimensional approximations

How to calculate the reproducing kernel’s norm? The norm squared of ey equals e (7).
Usually, however, ey cannot be calculated exactly. The norm squared of e7 also equals
sup j:v(t)(xz(T))/(llez), which, for the time-dependent oscillator, for example, is

x2(T) x*(T)

gy ST (m/2) [ [x/(0 + w(1)x2(r)]dt

4)
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where the supremum is taken over the aforementioned Sobolev space of paths. Note
that any choice of x(¢) defines a lower bound on the norm (and thus on the variance,
or the spread, of the wave function). A clever choice of x(7) can thus yield a good
lower bound.

Although normally the expression in equation (4) cannot be evaluated exactly, the
representation as the norm of a linear functional can still be useful for choosing
good finite-dimensional approximations to the path integral: suppose that V' is the
entire space and F a finite-dimensional subspace. Intuitively, for the norm restricted
to F to be a good approximation to the norm on V, it is desirable that, if F is the
complement of F, then x*(T) will be relatively small and fOT[x’(t)2 + w(0)x*(1)]dt
relatively large for x(¢) e F. Intuitively, that will ensure that the norm on F’s
complement will be small. A solution which is sought in this study is to construct an
increasing sequence of subspaces {F,} (F,y1 DF, for every n) such that U,F, =V,
and if F,,| =span(F, Uf,y1), then the norm of the functional x — x(7) on the
‘supplement’ £, is small or, equivalently,

Jan(T)
S (0% + o) 2, (0]de

is small. If the norm restricted to span( f,.1) decreases quickly enough with n, there is
hope that the norm on Fj, for a relatively small k&, will be a good approximation to
the norm on the entire space V. Similar considerations apply to the approximation of
P, on finite-dimensional subspaces.

1.2 Structure of this article

In section 2, the framework for computing the propagator is summarized. Section 3
shows how the free particle and simple harmonic oscillator propagators can be
computed using the reproducing kernel approach; it is also shown how the uncertainty
associated with a quantum particle’s velocity can be computed very naturally in
the reproducing kernel framework. Section 4 discusses bounds on the accuracy of
finite-dimensional approximations for the propagator of the time-dependent harmonic
oscillator. Section 5 offers some concluding remarks. Appendix I treats the propagator
for an arbitrary starting point, and Appendix II relates the ground state energy to the
‘probability reduction factor’.

2. General scheme for computing or approximating the wave function and
ground state energy

The suggested method for computing or approximating the wave function y(7") may be
summarized thusly:

o Write down the action as an inner product in the appropriate Sobolev space of
paths x(¢). The inner product must satisfy S[x(1)] = [|x(7)|1°.

e Compute the reproducing kernel for the evaluation functional at 7, i.e., a function er
satisfying (x, e7) = x(T') for every path x(¢).

e The variance of Y(7T') is V= (1/2)er(T).
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e Compute the ‘probability reduction factor’
fx(t) exp(—=S[x()])Dx(?)

" S €XP(=SFX(O)Dx(1)”

where Sg[x(7)] = (m/2) fOT x'(¢)*dt is the free particle action.

o Y(T) equals P,/(v/27V7T)exp(—(x*/2V7)).

e Usually, V7 and P,, cannot be calculated exactly. In that case, seek an increasing
sequence of subspaces F, whose union is the entire space of paths, such that the
ratio of the value of V7 resp. P, when restricted to F,1; over the value when restricted
to F, quickly tends to 1. Then the values on the entire space can be approximated using
the values on a finite-dimensional subspace and asymptotic analysis.

e The ground state energy is closely related to P, (Appendix II), hence it can be
approximated by the same scheme used to approximate P,

3. Derivation of the free particle and harmonic oscillator propagators

3.1 Free particle propagator

For the free particle the probability associated with the path x(¢) is
exp(—(m/2) f (l) df), hence the inner product in the Sobolev space is simply
(x,y) = (m/2) fo X'(1)y/(t)dt. The reproducing kernel ey must then satisfy
(x,er) = x(T) for every path x(¢) such that x(0) =0. Also, it must hold that
er(0) = 0. It is straightforward to see that ep(r) = (2/m)t, hence (1/2)er(T) = (T/m).
From the aforementioned results on Gaussian integrals, the free particle propagator
is a Gaussian with variance (7/m), and if it is further demanded that it will be
normalized to 1, it must equal (m/27T)"? exp(—(m/2T)x2).

3.2 Simple harmonic oscillator propagator

The inner product corresponding to the simple harmonic oscillator was defined
in equation (2). To distinguish it from the free particle inner product, denote it by
(x,y)o = (m/2) fo [x ()Y () + w x(t)y(l)]dt The mner product corresponding to
the free particle will be denoted (x,y)p = (m/2) fo X'(1)y/(t)dt. Next, recover the
reproducing kernel er satisfying (x,er), = x(7T") for all paths x. This can be done by
expanding e in a basis {8;} for the Sobolev space, and determining the coefficients
by imposing the condition (B, e7r) = pB/(T) for every [ Choosing the basis
Bo=1t, B =sin(xw/T), B, =sin(2w/T)... (note that it is indeed a basis because the
paths satisfy x(0) = 0; this basis is nearly the same as that used in the Fourier path
integral method [4]), denote er(7) = Y o, 2B Next, obtain the following equations
for {ay}: first, impose (By, er) = Bo(T') to obtain

= . (It >
T=(T)=(ter)o=ao(t, Do+ Y e <sm (%) ;) =l + Y il (5)
=1 o =1
1 15 5 . (It
tf = (ﬂ()’ ﬂO)O: (ta Z‘)0 = EMT+€mw T s l > 0 = tl = (ﬂOa ﬂ[)O: l’ Sim 7
o

_ (—1)k+1m0)2T2

27l (5)
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and for [/ > 0 impose (8;, er) = B)(T) to obtain
Imct . (It . (Imt
o=in(F)n=(in(F)er) o (sn(F)1),

+ Zak (Sll’l( ) sin (k;t)>0 = apt; + oyl (5”)

2T2 2[2
= (B Bo= (sin (?) sin (’lT’)>O: e’ 2 f)

(in 5"use k # [ = (sin(int/T), sin(knt/T)), = 0).
From (5”) it follows that for />0, a;= —(#;/[;)ap. Plugging this into (5) yields

where

T t i Z/Z SO —T
=l — ) 0, oy = :
= te— 212 (/)

Note that since / > 0 = g)(T) = 0, then
T2
t= 25 @G /)

This expression can be evaluated by summing the infinite series ) 7, (1,2/11), which,
up to a constant factor, equals

ET(T) = O[()T =

Z p(wzp F 2Ry (5

Sparing the details, the result for the variance turns out to be

1

1
= — T =V
Vr 2eT( ) maw coth(wT)

Note that if the computation was restricted to the subspace spanned by
{Bo. Bi- ... Buz1}, the error in equation (5”) — and in the overall expression for V7 as
well — would have been of the order of (1/#°). Under certain conditions, this is also
the error bound for the time-dependent oscillator (section 4).

Next, the ‘probability reduction factor’ is computed. Denote as before
{Bo = t, B1 =sin(xt/T), B, = sin(2rt/T),...,}, and let V, =span{By,Bi,---,Bn_1}

Then, from equation (3) and using the well-known results on Gaussian integrals,

S €XP(=Sol[x(O))Dx(1)

= exp (=S OD DA

= lim

v, exp(=Solx())Dx(1) i / ©

n—o00 fV" exp(—SF[x(t)])Dx(l) B
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where Sp resp. Sp are the oscillator resp. free particle actions, and G(g),Ggf)are
n x n matrices (Grammians) defined by

(65"), = Brbio. (6], = Brpir for0<k I<n—1.

S?) is diagonal with

T
G(")] _mi
[ Floo 2

It is easy to see that G

and for [/ > 0,

212
G(”)] =Wl7T ’
[ Fly 4r
thus
n—1 21,2
| mit k
‘GF _(mT/2)g T

G(O” ) is ‘nearly diagonal’: using the notations from equations (5 to 5),
66'], = Be-0o.

so it can be diagonalized by the process outlined below:

i hoB t,—l—l 0 6 &
n oL 0 0 tll Lo o
Gol=|[2 0 b 0 g o
; 0 0 L .- s 0 0 I
i 6
ti———-= 0 0 1t
LTk 3
hn L 0 0
- 15} 0 L O -
13 0 0 &L
and so
tz t2 n—1
G(”) :<l N nl) /
’0| ! 11 ln—l k=]k
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Computing

can be done by using some well-known identities for infinite sums and products, and are
omitted here. The result is P, = (1/y/cosh(wT)). Combining this with the result for V7
and the fact that ¥(T') equals (P,/~/27V7)exp(—(x*/2V7)) yields the well-known
imaginary time harmonic oscillator propagator

. B o mwcosh(wT) ,
U T,0,0) = 2nsinh(wT)eXp< 2sinh(wT) x)’

The propagator for the case in which the initial condition is not x =0 can be handled
similarly — see Appendix I.

3.3 What is the uncertainty of a quantum particle’s velocity?

Just as the uncertainty for the particle’s location at time 7" can be computed from the
norm squared of the functional assigning to each path x(7) the value at its endpoint
x(T), one may try and compute the uncertainty of the particle’s velocity at time T,
which is given by the norm squared of the functional x(7) — x'(7'). However,
proceeding as in equations (5 to 5’) yields a series which does not converge and
hence the functional does not have a reproducing kernel in the space of allowed
paths. Alternatively, the norm squared of the functional equals

X(TY (2 X(T)
sup == )sup— 35
x0 [1x]] m) o [y [¥'(0)° + @?x2(r)]dt
and this can be seen to be infinite: for every ¢ > 0, define the path

0<t<T-¢
xa(t) = { }

(x—T+elT—e<t<T

note that x.(7) is differentiable since the derivatives from left and right at 7'— ¢ are
both zero. It is straightforward to see that

(g> A 120
m fOT [X;(l)z =+ a)zxg([)]dt - 81’)’!(20(1)2 + 382) 5

which tends to infinity as ¢ tends to zero. Hence the supremum is infinite, and therefore
the uncertainty in the particle’s velocity is infinite. This is not really a new result (e.g. [1])
but the reproducing kernel formalism allows to derive it in a very natural fashion.
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4. Finite-dimensional approximation: the time-dependent oscillator

It is well-known that the propagator can be computed explicitly only in a very small
number of cases. Therefore, there is a considerable interest in efficient approximation
methods, such as Monte-Carlo integration. Another direction is to search for a
finite-dimensional subspace such that the integral over it approximates the integral
over the entire space. Some representative research in both directions is presented
in [6-13]. The rest of this section discusses a natural family of Fourier subspaces for
approximating the propagator of the time-dependent harmonic oscillator, which has
drawn considerable interest. It is known that the Schrédinger equation can be solved
in this case by introducing further differential equations, but these cannot always be
solved explicitly (see [14] which also contains a survey of other works).

A bound on the approximation accuracy is provided. The intuitive idea is that,
if the potential is smooth enough, the high frequencies of the paths do not play
a significant role.

For the time-dependent oscillator, the inner product corresponding to the action is
given by (x,y)o = (m/2) fOT [X'(0)y' () + w(t)x()y(1)]dt and it is, in general, impossible
to calculate exactly the reproducing kernel a.nd the quantities P, and Vr, for the
following reason. While the Grammian Go was ‘nearly diagonal’ for a suitable
choice of basis in the time-independent case, that is not so in the time-dependent
case. This makes the computation of the reproducing kernel, as well as |G(O”) |, more
difficult. However, under some assumptions, it is possible to obtain reasonable
finite-dimensional approximations to the two quantities which determine the wave
function — V7 and P, The bases for these sub-spaces are the same as that used in
section 3. Intuitively, these bases are ‘nearly orthogonal’ under the inner product
used, which accounts for the quick convergence as the subspace dimension increases.

4.1 Assumption on the potential

It is henceforth assumed that the time-dependent part of the oscillator potential (i.e., the
frequency) varies slowly enough in time so that its Fourier coefficients decrease
as a power of the Fourier coefficient. Formally, assume that there exist constants
C, > 0, d > 0 such that for every 7 > 0 and every integer /,

’/ a)(t)sm( )dl' '/ w(l)cos( ) ‘_% (7
fOT to(1) s1n< )dz /OT to(1) cos(lth)dt‘ < C}de (7)

the extra T in equation (7') is due to the extra 7 in the integrand.
Since

sin (@) sin ("_;f) _ oSl mt/ T — cosl(l+ K/ T,
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it immediately follows that if k > / > 0, then

T (It . (knt 1/ T OT T ,
/0 a)(t)sm<7) sm(T)dt‘ < E((k—l)d—i_(k—i—l)d) < (k—l)‘l (7"

4.2 Subspaces used for approximation

The set of increasing subspaces used for approximating the propagator uses the basis
introduced in section 3:

. . (2mt . — Dt
V, = span{t, sm(%), mn(%), R sm(w)}

(see also [6]). The rest of this section is devoted to proving that the quantities V7 and P,/
can be approximated by computing them on V. It is shown that these quantities, when
computed on V,, differ from the values on the entire function space by a factor no
greater than 1 + (1/p!+mint2.2d)),

4.2.1 Approximating V7. First, a few definitions:

e For the sake of brevity, let us drop the O subscript from the oscillator inner
product, so unless specified otherwise it will be denoted hereafter by (x,y) =
(m/2) fOT [X'(1)y (1) + w(t)x()y(7)]dt (the (m/2) factor will be left out since it does
not affect the results of this section). Denote (x,y), = fOTx’(t)y’(t)dt. Note that
since w(7) > 0, ||x||> > ||x||2F for every x(1).

e Denote by K, the reproducing kernel for the evaluation at 7 under the inner product
(x, ), restricted to V,,. This means that K, is the (only) function in V;,, which satisfies
(K, x) = x(T) for every function (path) x(z) € V,,.

e If K, ;1 denotes the reproducing kernel for V1, define the ‘residual’ A, = K, — K.

e For brevity, denote s, = sin(nzt/T). Note that V.| = span{V,, s,11}.

A few lemmas follow. Before proceeding with the technicalities, some motivation. The
idea is to prove that A, the ‘residual’ between the reproducing kernels for V,, and V41,
is nearly parallel to s,4;. This follows from the fact that s,.;, which is the ‘residual’
between V, and V1, is nearly perpendicular to V. It is well-known that an orthogonal
basis allows to obtain good approximations to the norm squared of a functional; if the
orthogonal basis is {1}, the norm squared of the functional Fis ) ,°, (F2(u))/|w||?), and
usually the summands decrease quickly enough so that truncating the infinite sum
quickly allows a good approximation. So, one could consider using a Gram—Schmidt
process to construct an orthogonal basis; but alas, it will have to be recomputed for
every T. Here, the basis is ‘almost orthogonal’ (Lemma 4), which allows to obtain
good finite-dimensional approximations.

Lemma 1 A, e Vi

Proof Let v,€V,. Then (K,,v,) = v,(T). Since v, € V1 also, then (K11, v;,) = vu(T).
But (K}'H-la V) = (Kn + Ay, Vn) = (K,, Vn) + (Am Vn) = Vn(T) + (Am Vn)a SO (Ana v,) = 0.

LEMMA 2 |[s,q1]l? = (22n2/27).
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Proof
2.2

LT N 2 n
Isosr = v = | [SIH(T)] ar="r

LEMMA 3 Let v, €V,, denote v, —aol+21_1 arsin(wlt)T). Then ||v,|* = a0T+
(/2T Y1) Paj.

Proof  |[val* = lIvall + but all the summands of v, are orthogonal under (,)p, so
lvall® = @@llelF + i) @llsin(et/ D} = BT+ (x2/2T) Y- Par.

LemMA 4 There exists a constant C, such that if v, € V,,, then

2 2
vl lsn1 17 g

2
<
(S}’IJrIa Vn) <G J2+min(2d, 2}

Proof Denote

(n— l)rrt)

t 4 ajsi (nt) + ass 2t 4+ 4 S
n = n n § 1n|
Vn = Ao aj T a T ap—1 T

Since

(&, Spv1)p = (sin(lzf),s,1+1>F: cee = (sin(m_—Tl)m>,s,1+1)F: 0,

the assumptions in equations (7 to 7") can be used to bound (s,1, v,):

. (It lao| T2 =L |a)|T
a1<81n<7>,sn+1>'fcl|: p +Zl(n—l)d

Since for every 4, B> 0, (4 + B)* < 2(4% + B?), then

n—1

(Gt vl < lao(t SweD) | +

=1

2
AT (L T
(Snt1, V)’ < 2CT| 2 +
n 1 n2d Z:Zl (I’l _ [)d

Using the Cauchy—Schwartz inequality,

(Eai) -7 (i) =7 () Cerate)

2
l

From Lemma 3, the second product term is bounded by (27/7%)||v,||*, and it can be
shown that the third product term behaves like 1/(n™"224) (up to a constant which
varies very slowly as a function of d). Since |[s,y1]l> > (x*n?/2T) (Lemma 2), it
follows that (}_)_ 1((|a,|T)/(n—l)d) is bounded from above by a constant times
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T* /(> min2 240 s, (12 val|?. 2CHa T*/n?Y, the other summand compromising the
bound for (s,41,v,)°, can be bounded by observing that ||v,||> > a3 T (Lemma 3) and
I$u1lI? = (72n%/2T) (Lemma 2), hence

a(Z)T4:| B 2C3 T} T) (7*n?/ T) - 2C%

2 2
n2d = 2p2tad [[vall ”Sn-H I

2C?
1 2nln2d

which concludes the proof. For brevity, denote the bound (with the 7 powers in the
numerator and the power of n in the denominator thrown in) by C(n). To summarize
then, if v, € V,, then (snﬂ,vn)2 < C)|vall*lIsns1ll?. Since for large n, C(n) is very
small, v, and s, are indeed ‘nearly orthogonal’, since their inner product is far smaller
than the product of their norms.

LEMMA 5 (Ausup1)” = [1— CODN AP 1501 1%

Proof Since Vir1 =V, @ span{An} (Lemma 1), 5,41 can be (uniquely) represented as
n+l + An s w1th2s: | € Vn,2 .1 €span{A,}. It is well-known from linear algebra that
Iswe 11> = s,y 17+ llspry I, and that

2
H ¥ ”2_ (S"+1> ’11/4,,_1)
n+1 .
st |

But from Lemma 4,

(SI’H—] sy )2
# < C)Isns1ll%s

“ Yﬂ-‘rl “
from which the proof follows immediately.
Lemma 6 (Kna Sn+1)2 = (Ana SnJrl)z'

Proof  Since s,41(T) =0, (Kyt1,8041) = 0. But (Kys1, Spt1) = (Ks Sut1) + (A 1),
hence (K, s,+1) = —(Ay, sq+1), and squaring both sides concludes the proof.

Lemma 7 C(n)/(1 — CO)IIK |17 = 1A%

Proof Using the fact that K, eV, and Lemma 4, (1{,1,Sn+1)2 < CON Kl 1spst 112
Combining this with Lemmas 5 and 6 yields

CONKP Isna I = (Ko $101)° Apssur)’ = (L= CONIA Isura 117,

Lemma 6 Lemma 5

from which the proof follows by cancelling out [|s,41]|> and dividing by 1 — C(n).
Finally, the norm on V. can be bounded by the norm on V,;:

THEOREM 1

2
1K1l 1Kl

C()
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Proof By definition, K,;; = K, + A,,. From Lemma 1, (K, A,) = 0, hence

) )_ 1K, 12

2 2 2 2
K =K A < IK 1 = .
[KuiiIP= IKPHIAE < 1Kl ( +1—cm) “T=¢

emma

If C(n) <« 1 (which will hold for a large enough n, since C(n) falls rapidly as a
function of n), it can be assumed that ||K,.1 > < [1 + C(n)]|| K>

THEOREM 2 The norm squared of er restricted to V,, approximates the norm squared on
the entire Sobolev space to a factor of 1 + C(T*/n' ™22 sohere C is a constant.

Proof In order to bound the ratio between the norm squared restricted to V,, and the
norm squared on the entire space, it suffices to multiply the bounds on the ratios
between the norm squared restricted to Vy and Vygy, for n < N < oo. Using
Theorem 1 and bearing in mind that C(N) < (CT*/N>*™in(22d}) for some constant C,
the infinite product over this range of N is bounded by (use exp(¢) ~ (1 + «) for o K 1)

N - % T
]lv‘[ (1 + Cm) = ]lv_[ exp(CW>
00 T
= exp(z C]\/2+min{2,2cn)
N=n
T

T
= exp<cn1+min{2,2d}> =1+ Cnlerin{Z,Zd} ‘

Note that if d > 1, the approximation error is of the order 1/n°, which is the same order
of approximation obtained for the simple harmonic oscillator (see section 3).

Note that the bound increases with 7 — this is because as 7T increases, more and
more paths are allowed to ‘enter the game’; there will be more paths with a small
action (i.e., small derivatives) and with greater variance at the endpoint, and thus
a higher-dimensional subspace is required to obtain a good approximation. As is
shown next, under reasonable assumptions, the 7* factor is not of great concern
when approximating P, since P,,decreases much more rapidly. Also, other conditions
than those assumed in equations (7 and 7") may yield bounds which depend on a lower
power of T.

4.2.2 Approximating P, In section 3 (equation (6)) it was shown that the
‘probability reduction factor’ equals

z

Py= lim |G w

n— 00

]

where G and GS;") are, respectively, the Grammians of the oscillator and free particle
inner product:

|G| = (BB and |G | = (Br. By
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It was also shown that
n—1 2)2
G0 =T[5

(here m = 1). In order to estimate the quality of approximation of P,, on V,, one can
first study the ratio between the approximations on ¥V, and V,,, which equals

1/2
G5 /1681 _ (161 (e e\
\G(n+1)| |G(”)| B |G(”+”||G$)| - 7|G(n+l)}

The next step is to bound |G"*V| from both sides. Had the basis

{,30 =tp = Sin(%f),ﬁz = sin(z—;{f), .. }

been orthogonal, the task would be simple, as then |G"*V| = ||8,]1>|G"| would hold.
But although the basis is not orthogonal, it is ‘nearly orthogonal’, since — as proved
in Lemma 4 — the norm squared of the projection of s,.; = B, on V, is bounded
from above by

2
2 2 min(2d, 2} s 11l
This can be used via the following.

LemMA 8 Denote the projection of B, on V, by ﬂr’l’" (so for every 0 <l<n-—1,
(Ba — BY", B) = 0). Then |G"Y| = (B, B, — BI)IG™].

n
Proof Let B! = Y\Z{ aifr. Denote the rows of G"*) by {Lg,Li,...,L,}. The
determinant is preserved under L, — L, — Z;(l) ar Ly, which changes the /th element

of the last row thusly:

n—1 n—1
(Bis Ba) = (B Ba) = D _ a(Brs Br) = <ﬂz, Br— Zakﬁk>
k=0 k=0

)_{ l<n
B (ﬁmﬁn_ﬁrll/”) [=n

and the proof follows immediately by expanding the determinant by the last row.
From Lemma 4, it follows that [1 — C)]I Bl < (Bus Bu — BL) < I1Ball.
From equation (8), and since B, = 5,41, it follows that

= (,Bls :311 - ﬂyll/ﬂ

202 <|G§ﬁ+l)| |G%n)}< )

[1 = Cn)] =< <
2T sualI? ~ |GOD] /|G| T 2T |54 12

Now,

T T
g I = /0 [sin’(”—;’)2+w<f> Sinz(nﬂﬂ}dl:%*/o [“’(’)(wﬂdl'
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Denoting fOT w(t)dt = W(T) and using equation (7) yields

7*n>  W(T) C1T< ! E <7r2n2+W(T)+C1T
o7 T2 pd = Pt =5 T nd
1 n?
= <
1+ (TW(T)/7*n2) + RC T2 /72n92) = 275,41 |12
1

=15 T2 — 2C, T2 J2n2)

and if n is large enough, use 1/(1 + «) ~ 1 —« for o < 1 to obtain

TW(T) 2C1T2< 7*n? _ TW(T) 2C,\T?

I - D) 2 r
7n* 72 T 2T s P T a2n?  plpdt?

Combining this with equation (9) yields

<1 TW(T) 2C\T*
Ry CURN2 g2 Nd+2

() 20,12\ |G |G|
[I_C(N)](l_ 2 N2 _nszJrz) <10 5

(10)

As before, in order to estimate the value of the approximation on V,, one has to
estimate the infinite product of the upper and lower bounds in equation (10),
for n < N < oo. Proceeding as before, the bound for the 1— C(N) factor is
1 — C(T*/n'+min2.24)) for some constant C. It remains to bound

- | TW(T) 2C\T*
l_[ TN N2

N=n

and
x | TW(T) 2C,T
]1:[ TN +n2Nd+2 :

However, these expressions have no unknown factors such as C(N); in some cases
(e.g. d=2) they can be computed explicitly, or they can be estimated using the
approximation

1 —

TW(T) 2C1T2~ TW(T) 20,72
2N2 N2 T ERN? T2 Nd+2 )

It follows then that P,, can be approximated with the same accuracy as Vr.

Remark If one is interested in the ground state energy, the T* factor is usually
of no concern, since P,  is much smaller than (1/T*. For example, if w(f) is
bounded from below by a constant K > 0, then the norm squared of the
corresponding inner product is bounded from below by the norm squared of
the corresponding simple oscillator norm with w = +/K; since larger norm means
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smaller probability reduction factor (equation (3)), the probability reduction
factor for the time-dependent oscillator is bounded from above by the probability
reduction factor for the simple oscillator with = VK, which equals
(1/cosh(v/KT)), hence a good approximation can be obtained in a low-dimensional
subspace.

5. Concluding remarks and future work

A reproducing kernel approach was applied to calculate the free particle and simple
harmonic oscillator propagators. It was shown that the propagator at any time 7 is
a Gaussian; as such, it is determined by its variance and a multiplicative factor. The
variance is half the value of the reproducing kernel at =7, and the multiplicative
factor (probability reduction factor) equals

oo XP(=S X)) Dx(1)
oo XP(=SEHX(ODDx(0)”

where S[x(#)] resp. Sp[x(¢)] are the actions of the harmonic oscillator resp. free particle.
In this case, the reproducing kernel and ‘probability reduction factor’ can be

calculated exactly. For the time-dependent oscillator, such a calculation is impossible,
in general. However, if the oscillator frequency changes slowly enough in time, then
an efficient finite-dimensional approximation can be constructed, using the fact that
the variance is half the norm squared of the evaluation functional at 7. An increasing
sequence of finite-dimensional subspaces is chosen so that the ‘increment’ between
successive subspaces has a relatively small value at 7, but a large norm; this allows
to bound the ratio between the functional’s norm on successive subspace, and
by multiplying these bounds, the ratio between the norm on subspaces and the
entire space can also be bounded. This also allows to approximate the ground
state energy.

It was also shown that the functional assigning to each path its derivative at 7 is
unbounded, which proves that the uncertainty associated with the particle’s velocity
is infinite.

Some possibilities for future research are:

o Can the finite-dimensional approximations be improved? It is possible that there are
better bases than the Fourier one, for some potentials. Also, it may be the case that
the asymptotic behaviour of the Fourier (or other) coefficients of the potentials is
known (and not only an upper bound). That will allow to better approximate the
variance and ‘probability reduction factor’.

o Non-quadratic potentials. Although the Gaussian integral formalism does not apply
in this case, it may be possible to derive good finite-dimensional approximations
using the same idea employed here — seek an increasing sequence of subspaces
such that the ‘increments’ have a large action and a small value for the evaluation
functional.

e Treat variation in time of the oscillator frequency which is not smooth (e.g. step
function, a sum of delta functions).
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Appendix I: U(x, T; x(,0) for xo=# 0

So far, it was assumed that ¥(0) = §(x), which meant that the integration was
performed over the space of paths x(7) satisfying x(0) = 0. In order to find the general
propagator, assume x(0) = xo. The computation proceeds very much like before;
alas, care should be taken; because now the space of paths is obviously not a linear
space, and the results on integration over Hilbert spaces cannot be used directly.
In order to compute the integral, a change of variable is performed which maps the
space to the space of paths satisfying x(0) =0, while preserving the probability
associated with the paths satisfying x(0) = x¢. The details follow.

Define Py, = {x(?)| x(0) = xo}, Po = {x(¢)| x(0) = 0}. In order to compute the expec-
tation at 7, one needs to compute |, P, x(T)exp(—|x[|*)Dx, under the normalization
fP exp(—||x||*)Dx = 1. Denote by hm the path satisfying x(1) =xy for all ¢
Under the translation x(t) = x(f) — hy,, the integral transforms to [, [ Py [x(T) + xo] x
exp(—Ilx + hy, |?)Dx under the normalization fP exp(—Ilx + Ay, |l )Dx = 1, or simply

fpo [X(T) + xo] exp(—||x + hy,
Sy exp (I + g IP)D

*)Dx Jp, X(T) exp(—Ilx + hy, |I*) Dx

N e, exp(—lx + hy,|I*) Dx

Jp, (s er)exp(=llx + hy, |I?) Dx
Jp, exp(=l1x + Ay I1?) Dx
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according to the theory of Gaussian integrals and cylindrical measures [10], the
integral can be reduced to a one-dimensional integral over span{er}, and it equals
—(hy,,er) (note that this does not equal —h,(T), since er is the reproducing
kernel for Py, not P,)). According to the definition of the inner product in Py
(equation (2)), (/1y,,er) = (mw*x0/2) fOTeT(t)dt. This integral can be computed using
standard results on infinite sums, and the expectation turns out to be
(xo/cosh(wT)). Similarly V7 and P,, can be computed.

Appendix II: Computing the ground state energy

The imaginary time propagator is given by U(T;0) =Y exp(—E,0)|E,)(E,l,
where E, is the nth energy level and |E,) resp. (E,| the ket resp. bra nth energy
eigenstate.

So, for large T, U(T;0) =~ exp(—EyT)|Ey){Ep|. If the initial state is the delta function,
then the state at T'is U(T;0)|8(x)) = (exp(—EoT)| Eo) (Eol)|8(x)) = exp(—Ey T ) Eo(0)| Eo),
where (| Ey))(0) is replaced by the more convenient notation Ey(0). Using the results of
section 2,

P, X2
exp(—EoT)Eo(0)| Ey) ~ J?fwexp (— M)

Assuming |E,) is normalized, then since |E;) roughly equals exp(—(x*/2V7)) up to
a scale factor, it follows immediately that |Eg) ~ (V7)) M exp(—(x2/2V7)),
and therefore exp(—FEyT)E(0)|Ey) ~ exp(—E T ) (VT )7(1/2) exp(—(x?/2Vr)), hence
exp(—EyT) ~ (P,_,«-/«/E) = Ey ~ —(log(P,)/T) for large enough 7. Thus, the ground
state energy can be approximated to within a desired accuracy using the results derived
in section 4 for the approximation of P,



