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Abstract. In this paper we study the problem of recognizing and representing
dynamically changing proper interval graphs. The input to the problem consists
of a series of modifications to be performed on a graph, where a modification can
be a deletion or an addition of a vertex or an edge. The objective is to maintain
a representation of the graph as long as it remains a proper interval graph, and to
detect when it ceases to be so. The representation should enable one to efficiently
construct a realization of the graph by an inclusion-free family of intervals. This
problem has important applications in physical mapping of DNA.
We give a near-optimal fully dynamic algorithm for this problem. It operates
in time O(log n) per edge insertion or deletion. We prove a close lower bound
of Ω(log n/(log log n + log b)) amortized time per operation in the cell probe
model with word-sizeb. We also construct optimal incremental and decremental
algorithms for the problem, which handle each edge operation inO(1) time.

1 Introduction

A graphG is called aninterval graphif its vertices can be assigned to intervals on the
real line so that two vertices are adjacent inG iff their intervals intersect. The set of
intervals assigned to the vertices ofG is called arealizationof G. If the set of intervals
can be chosen to be inclusion-free, thenG is called aproper interval graph. Proper
interval graphs have been studied extensively in the literature (cf. [7,13]), and several
linear time algorithms are known for their recognition and realization [2,3].

This paper deals with the problem of recognizing and representing dynamically
changing proper interval graphs. The input is a series of operations to be performed on a
graph, where an operation is any of the following: Adding a vertex (along with the edges
incident to it), deleting a vertex (and the edges incident to it), adding an edge and deleting
an edge. The objective is to maintain a representation of the dynamic graph as long as it
is a proper interval graph, and to detect when it ceases to be so. The representation should
enable one to efficiently construct a realization of the graph. In theincrementalversion
of the problem, only addition operations are permitted, i.e., the operations include only
the addition of a vertex and the addition of an edge. In thedecrementalversion of the
problem only deletion operations are allowed.
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The motivation for this problem comes from its application tophysical mappingof
DNA [1]. Physical mapping is the process of reconstructing the relative position of DNA
fragments, calledclones, along the target DNA molecule, prior to their sequencing, based
on information about their pairwise overlaps. In some biological frameworks the set of
clones is virtually inclusion-free - for example when all clones have a similar length (this
is the case for instance for cosmid clones). In this case, the physical mapping problem
can be modeled using proper interval graphs as follows. A graphG is built according to
the biological data. Each clone is represented by a vertex and two vertices are adjacent
iff their corresponding clones overlap. The physical mapping problem then translates to
the problem of finding a realization ofG, or determining that none exists.

Had the overlap information been accurate, the two problems would have been
equivalent. However, some biological techniques may occasionally lead to an incorrect
conclusion about whether two clones intersect, and additional experiments may change
the status of an intersection between two clones. The resulting changes to the corre-
sponding graph are the deletion of an edge, or the addition of an edge. The set of clones
is also subject to changes, such as adding new clones or deleting ’bad’ clones (such as
chimerics [14]). These translate into addition or deletion of vertices in the corresponding
graph. Therefore, we would like to be able to dynamically change our graph, so as to
reflect the changes in the biological data, as long as they allow us to construct a map,
i.e., as long as the graph remains a proper interval graph.

Several authors have studied the problem of dynamically recognizing and represen-
ting certain graph families. Hsu [10] has given anO(m+n log n)-time incremental algo-
rithm for recognizing interval graphs. (Throughout, we denote the number of vertices in
the graph byn and the number of edges in it bym.) Deng, Hell and Huang [3] have given
a linear-time incremental algorithm for recognizing and representing connected proper
interval graphs This algorithm requires that the graph will remain connected throug-
hout the modifications. In both algorithms [10,3] only vertex increments are handled.
Recently, Ibarra [11] found a fully dynamic algorithm for recognizing chordal graphs,
which handles each edge operation inO(n) time, or alternatively, an edge deletion in
O(n log n) time and an edge insertion inO(n/ log n) time.

Our results are as follows: For the general problem of recognizing and representing
proper interval graphs we give a fully dynamic algorithm which handles each operation
in time O(d + log n), whered denotes the number of edges involved in the operation.
Thus, in case a vertex is added or deleted,d equals its degree, and in case an edge is added
or deleted,d = 1. Our algorithm builds on the representation of proper interval graphs
given in [3].We also prove a lower bound for this problem ofΩ(log n/(log log n+log b))
amortized time per edge operation in the cell probe model of computation with word-size
b [16]. It follows that our algorithm is nearly optimal (up to a factor ofO(log log n)).

For the incremental and the decremental versions of the problem we give optimal
algorithms (up to a constant factor) which handle each operation in timeO(d). For the
incremental problem this generalizes the result of [3] to arbitrary instances.

As a part of our general algorithm we give a fully dynamic procedure for maintaining
connectivity in proper interval graphs. The procedure receives as input a sequence of
operations each of which is a vertex addition or deletion, an edge addition or deletion,
or a query whether two vertices are in the same connected component. It is assumed
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that the graph remains proper interval throughout the modifications, since otherwise
our main algorithm detects that the graph is no longer a proper interval graph and
halts. We show how to implement this procedure inO(log n) time per operation. In
comparison, the best known algorithms for maintaining connectivity in general graphs
requireO(log2 n) amortized time per operation [9], orO(

√
n) worst-case (deterministic)

time per operation [4]. We also show that the lower bound of Fredman and Henzinger [5]
of Ω(log n/(log log n + log b)) amortized time per operation (in the cell probe model
with word-sizeb) for maintaining connectivity in general graphs, applies to the problem
of maintaining connectivity in proper interval graphs.

The paper is organized as follows: In section 2 we give the basic background and
describe our representation of proper interval graphs and the realization it defines. In
sections 3 and 4 we present the incremental algorithm. In section 5 we extend the
incremental algorithm to a fully dynamic algorithm for proper interval graph recognition
and representation. We also derive an optimal decremental algorithm. In section 6 we
give a fully dynamic algorithm for maintaining connectivity in proper interval graphs.
Finally, in section 7 we prove a lower bound on the amortized time per operation of a
fully dynamic algorithm for recognizing proper interval graphs. For lack of space, some
of the proofs and some of the algorithmic details are omitted.

2 Preliminaries

Let G = (V, E) be a graph. We denote its setV of vertices also byV (G) and its setE
of edges also byE(G). For a vertexv ∈ V we defineN(v) := {u ∈ V : (u, v) ∈ E}
andN [v] := N(v) ∪ {v}. Let R be an equivalence relation onV defined byuRv iff
N [u] = N [v]. Each equivalence class ofR is called ablockof G. Note that every block
of G is a complete subgraph ofG. Thesizeof a block is the number of vertices in it.
Two blocksA andB areneighborsin G if some (and hence all) verticesa ∈ A, b ∈ B,
are adjacent inG. A straight enumerationof G is a linear orderingΦ of the blocks inG,
such that for every block, the block and its neighboring blocks are consecutive inΦ.

Let Φ = B1 < . . . < Bl be an ordering of the blocks ofG. For any1 ≤ i < j ≤ l,
we say thatBi is orderedto the left ofBj , and thatBj is orderedto the right ofBi. A
chordless cycleis an induced cycle of length greater than 3. Aclaw is an inducedK1,3.
A graph isclaw-freeif it does not contain an induced claw. For basic definitions in graph
theory see, e.g., [7].

The following are some useful facts about interval and proper interval graphs.

Theorem 1. ([12]) An interval graph contains no chordless cycle.

Theorem 2. ([15]) A graph is a proper interval graph iff it is interval and claw-free.

Theorem 3. ([3]) A graph is a proper interval graph iff it has a straight enumeration.

Lemma 4 (“The umbrella property”). LetΦ be a straight enumeration of a connected
proper interval graphG. If A, B andC are blocks ofG, such thatA < B < C in Φ and
A is adjacent toC, thenB is adjacent toA and toC (see figure 1).
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A B C

Fig. 1.The umbrella property

Let G be a connected proper interval graph and letΦ be a straight enumeration ofG.
It is shown in [3] that a connected proper interval graph has a unique straight enumeration
up to its full reversal. Define theout-degreeof a blockB w.r.t. Φ, denoted byo(B), as
the number of neighbors ofB which are ordered to its right inΦ.

We shall use the following representation: For each connected component of the
dynamic graph we maintain a straight enumeration (in fact, for technical reasons we
shall maintain both the enumeration and its reversal). The details of the data structure
containing this information will be described below.

This information implicitly defines a realization of the dynamic graph (cf. [3]) as
follows: Assign to each vertex in blockBi the interval[i, i + o(Bi) + 1 − 1

i ]. The out-
degrees and hence the realization of the graph can be computed from our data structure
in timeO(n).

3 An Incremental Algorithm for Vertex Addition

In the following two sections we describe an optimal incremental algorithm for recogni-
zing and representing proper interval graphs. The algorithm receives as input a series
of addition operations to be performed on a graph. Upon each operation the algorithm
updates its representation of the graph and halts if the current graph is no longer a proper
interval graph. The algorithm handles each operation in timeO(d), whered denotes the
number of edges involved in the operation. It is assumed that initially the graph is empty,
or alternatively, that the representation of the initial graph is known.

A contigof a connected proper interval graphG is a straight enumeration ofG. The
first and the last blocks of a contig are calledend-blocks. The rest of the blocks are called
inner-blocks.

As mentioned above, each component of the dynamic graph has exactly two contigs
(which are full reversals of each other) and both are maintained by the algorithm. Each
operation involves updating the representation. (In the sequel we concentrate on descri-
bing only one of the two contigs for each component. The second contig is updated in a
similar way.)

3.1 The Data Structure

The following data is kept and updated by the algorithm:
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1. For each vertex we keep the name of the block to which it belongs.
2. For each block we keep the following:

a) An endpointer which is null if the block is not an end-block of its contig, and
otherwise points to the other end-block of that contig.

b) Thesizeof the block.
c) Left and rightnearpointers, pointing to nearest neighbor blocks on the left and

on the right respectively.
d) Left and rightfar pointers, pointing to farthest neighbor blocks on the left and

on the right respectively.
e) Left and rightselfpointers, pointing to the block.
f) A counter.

In the following we shall omit details about the obvious updates to the name of the
block of a vertex and to the size of a block.

During the execution of the algorithm we may need to update many far pointers
pointing to a certain block, so that they point to another block. In order to be able to
do that inO(1) time we use the technique ofnested pointers: We make the far pointers
point to alocationwhose content is the address of the block to which the far pointers
should point. The role of this special location will be served by our self-pointers. The
value of the left and right self-pointers ofB is always the address ofB. When we say
that a certain left (right) far pointer points toB, we mean that it points to a left (right)
self-pointer ofB. Let A andB be blocks. In order to change all left (right) far pointers
pointing toA so that they point toB, we require that no left (right) far pointer points to
B. If this is the case, we simplyexchangethe left (right) self-pointer ofA with the left
(right) self-pointer ofB. This means that: (1) The previous left (right) self-pointer ofA
is made to point toB, and the algorithm records it as the new left (right) self-pointer of
B; (2) The previous left (right) self-pointer ofB is made to point toA, and the algorithm
records it as the new left (right) self-pointer ofA.

We shall use the following notation: For a blockB we denote its address in the
memory by&B. When we set a far pointer to point to a left or to a right self-pointer of
B we will abbreviate and set it to&B. We denote the left and right near pointers ofB by
Nl(B) andNr(B) respectively. We denote the left and right far pointers ofB by Fl(B)
andFr(B) respectively. We denote its end pointer byE(B). In the sequel we often refer
to blocks by their addresses. For example, ifA andB are blocks, andNr(A) = &B, we
sometimes refer toB by Nr(A). When it is clear from the context, we also use a name
of a block to denote any vertex in that block. Given a contigΦ we denote its reversal by
ΦR. In general when performing an operation, we denote the graph before the operation
is carried out byG, and the graph after the operation is carried out byG′.

3.2 The Impact of a New Vertex

In the following we describe the changes made to the representation of the graph in case
G′ is formed fromG by the addition of a new vertexv of degreed. We also give some
necessary and some sufficient conditions for deciding whetherG′ is proper interval.

Let B be a block ofG. We say thatv is adjacentto B if v is adjacent to some vertex
in B. We say thatv is fully adjacentto B if v is adjacent toeveryvertex inB. We say
thatv is partially adjacentto B if v is adjacent toB but not fully adjacent toB.
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The following lemmas characterize, assuming thatG′ is proper interval, the adja-
cencies of the new vertex.

Lemma 5. If G′ is a proper interval graph thenv can have neighbors in at most two
connected components ofG.

Lemma 6. [3] Let C be a connected component ofG containing neighbors ofv. Let
B1 < . . . < Bk be a contig ofC. Assume thatG′ is proper interval and let1 ≤ a <
b < c ≤ k. Then the following properties are satisfied:
1. If v is adjacent toBa and toBc, thenv is fully adjacent toBb.
2. If v is adjacent toBb and not fully adjacent toBa and toBc, thenBa is not adjacent

to Bc.
3. If b = a + 1, c = b + 1 andv is adjacent toBb, thenv is fully adjacent toBa or to

Bc.

One can view a contigΦ of a connected proper interval graphC as a weak linear
order<Φ on the vertices ofC, wherex <Φ y iff the block containingx is ordered in
Φ to the left of the block containingy. We say thatΦ′ is a refinementof Φ if for every
x, y ∈ V (C), x <Φ y impliesx <Φ′ y (since a contig can be reversed, we also allow
complete reversal ofΦ).

Lemma 7. If G is a connected induced subgraph of a proper interval graphG′, Φ is a
contig ofG andΦ′ is a straight enumeration ofG′, thenΦ′ is a refinement ofΦ.

Note, that wheneverv is partially adjacent to a blockB in G, then the addition ofv
will causeB to split into two blocks ofG′, namelyB \N(v) andB ∩N(v). Otherwise,
if B is a block ofG to whichv is either fully adjacent or not adjacent, thenB is also a
block ofG′.

Corollary 8. If B is a block ofG to whichv is partially adjacent, thenB \ N(v) and
B ∩ N(v) occur consecutively in a straight enumeration ofG′.

Lemma 9. LetC be a connected component ofG containing neighbors ofv. Let the set
of blocks inC which are adjacent tov be{B1, . . . , Bk}. Assume that in a contig ofC,
B1 < . . . < Bk. If G′ is proper interval then the following properties are satisfied:
1. B1, . . . , Bk are consecutive inC.
2. If k ≥ 3 thenv is fully adjacent toB2, . . . , Bk−1.
3. If v is adjacent to a single blockB1 in C, thenB1 is an end-block.
4. Ifv is adjacent to more than one block inC and has neighbors in another component,

thenB1 is adjacent toBk, and one ofB1 or Bk is an end-block to whichv is fully
adjacent, while the other is an inner-block.

Proof. Claims 1 and 2 follow directly from part 1 of Lemma 6. Claim 3 follows from
part 3 of Lemma 6. To prove the last part of the lemma let us denote the other component
containing neighbors ofv by D. Examine the induced connected subgraphH of G
whose set of vertices isV (H) = {v} ∪ V (C) ∪ V (D). H is proper interval as an
induced subgraph ofG. It is composed of three types of blocks: Blocks whose vertices
are fromV (C), which we will call henceforthC-blocks; blocks whose vertices are from
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V (D), which we will call henceforthD-blocks; and{v} which is a block ofH since
H \ {v} is not connected. All blocks ofC remain intact inH, exceptB1 andBk which
might split intoBj \ N(v) andBj ∩ N(v), for j = 1, k.

Surely in a contig ofH, C-blocks must be ordered completely before or completely
afterD-blocks. LetΦ denote a contig ofH, in whichC-blocks are ordered beforeD-
blocks. LetX denote the rightmostC-block in Φ. By the umbrella property,X < {v}
and moreover,X is adjacent tov. By Lemma 7,Φ is a refinement of a contig ofC.
Hence,X ⊆ B1 or X ⊆ Bk (more precisely,X = B1 ∩ N(v) or X = Bk ∩ N(v)).
Therefore, one ofB1 or Bk is an end-block.

W.l.o.g.X ⊆ Bk. Suppose to the contrary thatv is not fully adjacent toBk. Then
by Lemma 7 we haveBk−1 ∩ N(v) < Bk \ N(v) < {v} in Φ, contradicting the
umbrella property.B1 must be adjacent toBk, or elseG′ contains a claw consisting of
v, B1, Bk and a vertex fromV (D)∩N(v). It remains to show thatB1 is an inner-block.
Suppose it is an end block. SinceB1 andBk are adjacent,C contains a single blockB1,
a contradiction. Thus, claim 4 is proved.

3.3 The Algorithm

In our algorithm we rely on the incremental algorithm of Deng, Hell and Huang [3], which
we call henceforth theDHH algorithm. This algorithm handles the insertion of a new
vertex into a graph inO(d) time, provided that all its neighbors are in the same connected
component, changing the straight enumeration of this component appropriately. We refer
the reader to [3] for more details.

We perform the following upon a request for adding a new vertexv. For each neighbor
u of v we add one to the count of the block containingu. We call a blockfull if its counter
equals its size,emptyif its counter equals zero, andpartial otherwise. In order to find a
set of consecutive blocks which contain neighbors ofv, we pick arbitrarily a neighbor
of v and march down the enumeration of blocks to the left using the left near neighbor
pointers. We continue till we hit an empty block or till we reach the end of the contig.
We do the same to the right and this way we discover a maximal sequence of nonempty
blocks in that component which contain neighbors ofv. We call this maximal sequence
asegment. Only the two extreme blocks of the segment are allowed to be partial or else
we fail (by Lemma 9(2)).

If the segment we found contains all neighbors ofv then we can use the DHH
algorithm in order to insertv into G, updating our internal data structure accordingly.
Otherwise, by Lemmas 5 and 9(1) there could be only one more segment which contains
neighbors ofv. In that case, exactly one extreme block in each segment is an end-block
to whichv is fully adjacent (if the segment contains more than one block), and the two
extreme blocks in each segment are adjacent, or else we fail (by Lemma 9(3,4)).

We proceed as above to find a second segment containing neighbors ofv. We can
make sure that the two segments are from two different contigs by checking that their
end-blocks do not point to each other. We also check that conditions 3 and 4 in Lemma 9
are satisfied. If the two segments do not cover all neighbors ofv, we fail.

If v is adjacent to vertices in two distinct componentsC andD, then we should
merge their contigs. LetΦ = B1 < . . . < Bk , ΦR be the two contigs ofC. Let
Ψ = B′

1 < . . . < B′
l , ΨR be the two contigs ofD. The way the merge is performed
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depends on the blocks to whichv is adjacent. Ifv is adjacent toBk and toB′
1, then

by the umbrella property the two new contigs (up to refinements described below) are
Φ < {v} < Ψ andΨR < {v} < ΦR. In the following we describe the necessary changes
to our data structure in case these are the new contigs. The three other cases are handled
similarly.

– Block enumeration: We merge the two enumerations of blocks and put a new block
{v} in-between the two contigs. Let the leftmost block adjacent tov in the new
orderingΦ < {v} < Ψ beBi and let the rightmost block adjacent tov beB′

j . If

Bi is partial we split it into two blockŝBi = Bi \ N(v) andBi = Bi ∩ N(v)
in this order. IfB′

j is partial we split it into two blocksB′
j = B′

j ∩ N(v) and

B̂′
j = B′

j \ N(v) in this order.
– End pointers: We setE(B1) = E(B′

1) andE(B′
l) = E(Bk). We then nullify the

end pointers ofBk andB′
1.

– Near pointers: We updateNl({v}) = &Bk, Nr({v}) = &B′
1, Nr(Bk) = &{v}

andNl(B′
1) = &{v}. Let B0 = ∅. In caseBi was split we updateNr(B̂i) =

&Bi, Nl(Bi) = &B̂i, Nl(B̂i) = &Bi−1 andNr(Bi−1) = &B̂i. Similar updates
are made in caseB′

j was split to the near pointers ofB′
j , B̂

′
j andB′

j+1.

– Far pointers: IfBi was split we setFl(B̂i) = Fl(Bi), Fr(B̂i) = &Bk and exchange
the left self-pointer ofBi with the left self-pointer ofB̂i. If B′

j was split we

set Fr(B̂′
j) = Fr(B′

j), Fl(B̂′
j) = &B′

1 and exchange the right self-pointer of

B′
j with the right self-pointer ofB̂′

j . In addition, we set all right far pointers of
Bi, Bi+1 . . . , Bk and all left far pointers ofB′

1, . . . , B
′
j−1, B

′
j to &{v} (in O(d)

time). Finally, we setFl({v}) = &Bi andFr({v}) = &B′
j .

4 An Incremental Algorithm for Edge Addition

In this section we show how to handle the addition of a new edge(u, v) in O(1) time.
We characterize the cases for whichG′ = G∪{(u, v)} is proper interval and show how
to efficiently detect them, and how to update our representation of the graph.

Lemma 10. If u andv are in distinct components inG, thenG′ is proper interval iffu
andv were in end-blocks of their respective contigs.

Proof. To prove the ’only if’part let us examine the graphH = G′\{u} = G\{u}.H is
proper interval as an induced subgraph ofG. If G′ is proper interval, then by Lemma 9(3)
v must be in an end-block of its contig, sinceu is not adjacent to any other vertex in the
component containingv. The same argument applies tou.

To prove the ’if’part we give a straight enumeration of the new connected component
containingu and v in G′. Denote byC and D the components containingu and v
respectively. LetB1 < . . . < Bk be a contig ofC, such thatu ∈ Bk. LetB′

1 < . . . < B′
l

be a contig ofD, such thatv ∈ B′
1. ThenB1 < . . . < Bk \ {u} < {u} < {v} <

B′
1 \ {v} < . . . < B′

l is a straight enumeration of the new component.

We can check inO(1) time if u andv are in end-blocks of distinct contigs. If this is
the case, we update our data structure according to the straight enumeration given in the
proof of Lemma 10 inO(1) time.
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It remains to handle the case whereu andv were in the same connected component
C in G. If N(u) = N(v) then by the umbrella property it follows thatC contains only
three blocks which are merged into a single block inG′. In this caseG′ is proper interval
and updates to the internal data structure are trivial. The following lemma analyses the
case whereN(u) 6= N(v).

Lemma 11. Let B1 < . . . < Bk be a contig ofC, such thatu ∈ Bi and v ∈ Bj

for some1 ≤ i < j ≤ k. Assume thatN(u) 6= N(v). ThenG′ is proper interval iff
Fr(Bi) = Bj−1 andFl(Bj) = Bi+1 in G.

Proof. To prove the ’only if’ part assume thatG′ is proper interval. SinceBi andBj

are not adjacent,Fr(Bi) ≤ Bj−1 andFl(Bj) ≥ Bi+1. Suppose to the contrary that
Fr(Bi) < Bj−1. Let z ∈ Bj−1. If in addition Fl(Bj) = Bi+1 thenN [v] ⊃ N [z]
(this is a strict containment). Asv andz are in distinct blocks, there exists a vertex
b ∈ N [v] \ N [z]. But then,v, b, z, u induce a claw inG′, a contradiction. Hence,
Fl(Bj) > Bi+1 and soFr(Bi+1) < Bj . Let x ∈ Bi+1 and lety ∈ Fr(Bi+1). Sinceu
andx are in distinct blocks, either(u, y) 6∈ E(G) or there is a vertexa ∈ N [u] \ N [x]
(or both). In the first case,v, u, x, y and the vertices of the shortest path fromy to v
induce a chordless cycle inG′. In the second caseu, a, x, v induce a claw inG′. Hence,
in both cases we arrive at a contradiction. The proof thatFl(Bj) = Bi+1 is symmetric.

To prove the ’if’ part we shall provide a straight enumeration ofC ∪ {u, v}. If
Bi = {u}, Fr(Bj−1) = Fr(Bj) andFl(Bj−1) = Bi (i.e., N [v] = N [Bj−1] in G′),
we movev from Bj to Bj−1. Similarly, if Bj contained onlyv, Fl(Bi+1) = Fl(Bi)
andFr(Bi+1) = Bj (i.e.,N [u] = N [Bi+1] in G′), we moveu from Bi to Bi+1. If u
was not moved andBi ⊃ {u}, we splitBi into Bi \ {u}, {u} in this order. Ifv was not
moved andBj ⊃ {v}, we splitBj into {v}, Bj \ {v} in this order. It is easy to see that
the result is a straight enumeration ofC ∪ {u, v}.

We can check inO(1) time if the condition in Lemma 11 holds. If this is the case,
we change our data structure so as to reflect the new straight enumeration given in the
proof of Lemma 11. This can be done inO(1) time, in a similar fashion to the update
technique described in Section 3.3. The details are omitted here. The following theorem
summarizes the results of Sections 3 and 4.

Theorem 12. The incremental proper interval graph representation problem is solvable
in O(1) time per added edge.

5 The Fully Dynamic Algorithm

In this section we give a fully dynamic algorithm for recognizing and representing
proper interval graphs. The algorithm performs each operation inO(d + log n) time,
whered denotes the number of edges involved in the operation. It supports four types
of operations: Adding a vertex, adding an edge, deleting a vertex and deleting an edge.
It is based on the same ideas used in the incremental algorithm. The main difficulty in
extending the incremental algorithm to handle all types of operations, is updating the end
pointers of blocks when deletions are allowed. To bypass this problem we do not keep
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end pointers at all. Instead, we maintain the connected components ofG, and use this
information in our algorithm. In the next section we show how to maintain the connected
components ofG in O(log n) time per operation. We describe below how each operation
is handled by the algorithm.

5.1 The Addition of a Vertex or an Edge

These operations are handled in essentially the same way as done by the incremental
algorithm. However, in order to check if the end-blocks of two segments are in distinct
components, we query our data structure of connected components (inO(log n) time).
Similarly, in order to check if the endpoints of an added edge are in distinct components,
we check if their corresponding blocks are in distinct components (inO(log n) time).

5.2 The Deletion of a Vertex

We show next how to update the contigs ofG after deleting a vertexv of degreed. Note
thatG′ is proper interval as an induced subgraph ofG. Denote byX the block containing
v. If X ⊃ {v}, then the only change needed is to deletev. We hence concentrate on the
case thatX = {v}. We can find inO(d) time the segment of blocks which includesX
and all its neighbors. Let the contig containingX beB1 < . . . < Bk and let the blocks
of the segment beBi < . . . < Bj , whereX = Bl for some1 ≤ i ≤ l ≤ j ≤ k. Let
B0 = ∅, Bk+1 = ∅. We make the following updates:

– Block enumeration: If1 < i < l, we check whetherBi can be merged withBi−1.
If Fl(Bi) = Fl(Bi−1), Fr(Bi) = Bl andFr(Bi−1) = Bl−1, we merge them by
moving all vertices fromBi toBi−1 (in O(d) time) and deletingBi. If l < j < k we
act similarly w.r.t.Bj andBj+1. Finally, we deleteBl. If 1 < l < k andBl−1, Bl+1
are non-adjacent, then by the umbrella property they are no longer in the same
connected component, and the contig should be split into two contigs, one ending
atBl−1 and one beginning atBl+1.

– Near pointers: IfBi andBi−1 were merged, we updateNr(Bi−1) = &Bi+1 and
Nl(Bi+1) = &Bi−1. Similar updates should be made w.r.t.Bj−1 andBj+1 in case
Bj andBj+1 were merged. If the contig is split, we nullifyNr(Bl−1) andNl(Bl+1).
Otherwise, we updateNr(Bl−1) = &Bl+1 andNl(Bl+1) = &Bl−1.

– Far pointers: IfBi andBi−1 were merged, we exchange the right self-pointer ofBi

with the right self-pointer ofBi−1. Similar changes should be made w.r.t.Bj and
Bj+1. We also set all right far pointers previously pointing toBl, to&Bl−1; and all
left far pointers previously pointing toBl, to &Bl+1 (in O(d) time).
Note that these updates takeO(d) time and require no knowledge about the connected

components ofG.

5.3 The Deletion of an Edge

Let (u, v) be an edge ofG to be deleted. LetC denote the connected component ofG
containingu andv, and letB1 < . . . < Bk be a contig ofC. If k = 1 thenB1 is split
into {u}, B1 \ {u, v} and{v}, resulting in a straight enumeration ofG′. Updates are
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trivial in this case. IfN [u] = N [v] then one can show thatG′ = G\{(u, v)} is a proper
interval graph iffC was a clique, so againk = 1. We assume henceforth thatk > 1 and
N(u) 6= N(v).

W.l.o.g.i < j. If Bi = {u}, Bj = {v}, j = i + 1 andBi, Bj were far neighbors of
each other, then we should split the contig into two contigs, one ending atBi and the
other beginning atBj . Otherwise, updates to the straight enumeration are derived from
the following lemma.

Lemma 13. Let B1 < . . . < Bk be a contig ofC, such thatu ∈ Bi and v ∈ Bj

for some1 ≤ i < j ≤ k. Assume thatN(u) 6= N(v). ThenG′ is proper interval iff
Fr(Bi) = Bj andFl(Bj) = Bi in G.

Proof. Assume thatG′ is proper interval. We will show thatFr(Bi) = Bj . The proof
that Fl(Bj) = Bi is symmetric. SinceBi andBj are adjacent inG, Fr(Bi) ≥ Bj .
Suppose to the contrary thatFr(Bi) > Bj . Letx ∈ Fr(Bi). Sincex andv are in distinct
blocks, either there is a vertexa ∈ N [v] \ N [x] or there is a vertexb ∈ N [x] \ N [v] (or
both). In the first case, by the umbrella property(a, u) ∈ E(G) and thereforeu, x, v, a
induce a chordless cycle inG′. In the second case,x, b, u, v induce a claw inG′. Hence,
in both cases we arrive at a contradiction.

To prove the opposite direction we give a straight enumeration ofC \ {(u, v)}. If
Bj = {v}, Fl(Bi−1) = Fl(Bi) andFr(Bi−1) = Bj−1 (i.e.,N [u] = N [Bi−1] in G′),
we moveu into Bi−1. If Bi contained onlyu, Fr(Bj+1) = Fr(Bj) andFl(Bj+1) =
Bi+1 (i.e., N [v] = N [Bj+1] in G′), we movev into Bj+1. If u was not moved and
Bi ⊃ {u}, thenBi is split into {u}, Bi \ {u} in this order. Ifv was not moved and
Bj ⊃ {v}, thenBj is split into Bj \ {v}, {v} in this order. The result is a contig of
C \ {(u, v)}.

If the conditions of Lemma 13 are fulfilled, one has to update the data structure
according to its proof. These updates require no knowledge about the connected com-
ponents ofG, and it can be shown that they takeO(1) time. Hence, from Sections 5.2
and 5.3 we obtain the following result:

Theorem 14. The decremental proper interval graph representation problem is solvable
in O(1) time per removed edge.

6 Maintaining the Connected Components

In this section we describe a fully dynamic algorithm for maintaining connectivity in a
proper interval graphG in O(log n) time per operation. The algorithm receives as input
a series of operations to be performed on a graph, which can be any of the following:
Adding a vertex, adding an edge, deleting a vertex, deleting an edge or querying if
two blocks are in the same connected component. The algorithm depends on a data
structure which includes the blocks and the contigs of the graph. It hence interacts with
the proper interval graph representation algorithm. In response to an update request,
changes are made to the representation of the graph based on the structure of its connected
components prior to the update. Only then are the connected components of the graph
updated.
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Let us denote byB(G) theblock graphof G, that is, a graph in which each vertex
corresponds to a block ofG and two vertices are adjacent iff their corresponding blocks
are adjacent inG. The algorithm maintains a spanning forestF of B(G). In order to
decide if two blocks are in the same connected component, the algorithm checks if they
belong to the same tree inF .

The key idea is to designF so that it can be efficiently updated upon a modification in
G. We define the edges ofF as follows: For every two verticesu andv in B(G), (u, v) ∈
E(F ) iff their corresponding blocks are consecutive in a contig ofG. Consequently,
each tree inF is a path representing a contig. The crucial observation aboutF is that
an addition or a deletion of a vertex or an edge inG inducesO(1) modifications to the
vertices and edges ofF . This can be seen by noting that each modification ofG induces
O(1) updates to near pointers in our representation ofG.

It remains to show how to implement a spanning forest in which trees may be cut
when an edge is deleted fromF , linked when an edge is inserted toF , and which allows
to query for each vertex to which tree does it belong. All these operations are supported
by the ET-tree data structure of [8] inO(log n) time per operation.

We are now ready to state our main result:

Theorem 15. The fully dynamic proper interval graph representation problem is solva-
ble inO(d + log n) time per modification involvingd edges.

7 The Lower Bound

In this section we prove a lower bound ofΩ(log n/(log log n + log b)) amortized time
per edge operation for fully dynamic proper interval graph recognition in the cell probe
model of computation with word-sizeb [16].

Fredman and Saks [6] proved a lower bound ofΩ(log n/(log log n + log b)) amor-
tized time per operation for the followingparity prefix sum(PPS) problem: Given an
array of integersA[1], . . . , A[n] with initial value zero, execute an arbitrary sequence
of Add(t) and Sum(t) operations, where an Add(t) increasesA[t] by 1, and Sum(t)
returns(

∑t
i=1 A[i]) mod 2. Fredman and Henzinger [5] showed that the same lower

bound applies to the problem of maintaining connectivity in general graphs, by showing
a reduction from a modified PPS problem, calledhelpful parity prefix sum, for which
they proved the same lower bound. A slight change to their reduction yields the same
lower bound for the problem of maintaining connectivity in proper interval graphs, as
the graph built in the reduction is a union of two paths and therefore proper interval.
Using a similar construction we can prove the following result:

Theorem 16. Fully dynamic proper interval recognition takesΩ(log n/(log log n +
log b)) amortized time per edge operation in the cell probe model with word-sizeb.
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