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ABSTRACT

This paper suggests a new measure of symmetry for bifur-
cating structures, which relies not only on topology and or-
dering, but also on quantitative properties (e.g. length of
branches). This measure is based on the amount of energy
required to symmetrize the structure, hence is especially
suitable to biological structures. It is tested by its ability
to differentiate between two classes of leaves.

1. INTRODUCTION

Symmetry is a basic property of shapes and structures. In
biological and physical systems, symmetry seems to imply
stability and natural development [1]. Symmetry depends
on shape contour, shape area and/or shape moments. We
constrain our study to symmetry of a specificclass, namely,
mirror symmetry. A 2D object is mirror-symmetric if it is
invariant under a reflection about a line (the mirror-symmetry
axis). Mirror symmetry has been extensively studied, and
numerous measures of symmetry have been developed to
quantify the deviation from exact symmetry. These mea-
sures have been developed to deal with 2d shapes and poly-
gons [2, 3], and 3D convex structures and polyhedra [4, 5].
However, these approaches are inadequate for dealing with
many biological and chemical structures, namely bifurcat-
ing structures, e.g. molecules. Motivated by a biologi-
cal/environmental study on the effects of stressful environ-
ments on the symmetry of plants and animals, we developed
a symmetry measure for bifurcating structures such as veins
of plant leaves (Figure 3a). Previous studies on symmetry
of graph and tree structures [6] considered only topological
aspects of the structures. However, given our motivation,
the morphological/geometrical aspect of the structures is of
crucial importance. In several studies, [7, 8, 9] measures of
symmetry were developed for molecular structures which
are 2D and 3D bifurcating structures. These approaches
considered the geometry of the structures and the topologi-
cal connectivity between molecular atoms, but assumed no
other constraint on the structures. In this work we intro-
duce a novel approach in which we constrain the topological

connectivity of the structures according to biological mod-
els. Our algorithm for measuring symmetry of bifurcating
structures such as leaf veins, takes into account biological
mechanism of development and growth [10] and relies on
nature’s laws rather than on arbitrary mathematical models.

In this study we present a measure of symmetry, and
provide an algorithm for its computation. Additionally we
demonstrate the effectiveness/performance of the measure
in an ecological experiment. The measure of symmetry we
propose is based on early work on Continuous Symmetry
Measures (CSM) [2]. In these studies, symmetry is eval-
uated by estimating the energy (work) required to deform
a non-symmetric configuration into a perfectly symmetric
one. In [7, 8, 9] symmetry of molecules was measured using
the CSM approach, by allowing deformations that preserve
the topology of the original structures. In this paper we al-
low deformations that do not necessarily preserve topologi-
cal connectivity but that are consistent with biological mod-
els of the source structures (in our case veins of leaves).

2. BACKGROUND

The motivation of this work originates from an ongoing eco-
logical study on the effects of stressful environments on the
growth of plants and animals. It has long been known that
shape and form of plants and animals are highly affected by
their environmental conditions. Stressful growing environ-
ments typically cause deviation from regularity of form and
shape. Numerous measures of shape and form have been
used to analyze the extremities of these effects, including
area, width to length ratio, distance between specific fea-
tures and more. One important measure of shape is that of
symmetry which has already been shown to be a discrimi-
nating factor in biological systems [11]. However, attempts
to measure symmetry of plant leaves, in support of these
theories, were unsuccessful. We contend that this is due
to the fact that the symmetry of leaf area or leaf bound-
ary does not capture the distinctive factor of leaves. This is
in accord with developmental models of leaves, where the
effects of stressful environments strongly affect the stages
of vein growth rather than the subtle variations in the leaf
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boundary [10]. Thus the goal of this work is twofold: first
we aim to develop a measure of symmetry of the bifurcat-
ing structure of leaf veins, and second, to quantitatively test
these claims of ecological studies.

3. MEASURING SYMMETRY OF BIFURCATING
STRUCTURES

Guided by the underlying biological processes, we define
the measure of symmetry of a structure as the minimal amount
of energy required to deform it into a symmetric structure.
In our approach, deformations are restricted to those con-
sistent with known biological mechanisms [10] (e.g. leaf
growth). We concentrate on planar bifurcating structures
representing veins of leaves. Figure 3a shows a specimen
with the vein structure marked. These structures are as-
sumed to consist of a central vein which is viewed as the
symmetry axis, from which secondary veins bifurcate to
both sides.

Given a leaf, we findthe minimum energy deformation
which transforms it into a symmetric structure. Deforma-
tions consist of a series of three permissible “elementary”
deformations, motivated by the biological growth model of
leaves [10]:

1. Insertion (deletion) – an additional secondary vein is
added (deleted).

2. Translation – a secondary vein is translated along the
main vein.

3. Elongation (contraction) – length of a secondary vein
is changed.

Figure 1 shows examples of these “elementary” defor-
mations. Every such action is associated with a cost func-
tion which represents the energy required to perform the
action. The energy of deforming a structure accumulates
the cost of performing each “elementary” deformation. The
measure of symmetry of a structure is the cost of the de-
formation of minimum energy that transforms the structure
into a symmetric structure.

original insertion translation elongation

Fig. 1. Elementary deformations allowed in the symme-
try measure evaluation.
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Fig. 2. The main leaf vein is segmented into sections
and mapped into two vectors (see text).

To findthe minimum energy deformation, we represent
the problem as a string matching problem. For a given spec-
imen, the central vein is segmented into a large finitenum-
ber of sections. The segmented vein is mapped into two
vectors, the length of which is equal to the number of seg-
ments in the vein. The vectors describe the left and the right
bifurcation structure by assigning ’0’ to an entry if there is
no secondary vein bifurcating out of the vein segment cor-
responding to that entry. A positive real value is assigned
to the entry if there is such a bifurcation and the assigned
value equals the length of the secondary vein. An example
is shown in Figure 2.

Finding the minimum energy deformation of the bifur-
cating structure is equivalent to finding the minimum cost
of transforming one vector into the other, using “elemen-
tary” deformations. This problem is solved using dynamic
programming.

Let i = 1 . . . n enumerate the secondary veins on one
side of the main vein and let j = 1 . . . m be the enumeration
of the secondary veins on the other side. Denote by Ci,j the
cost of the minimal energy deformation of the sub-structure
consisting of the main vein and the first i secondary veins
on the left and the firstj secondary veins on the right.
The value Ci,j is given by one of the following possibilities:

1. Pair the left vein i with the right vein j. Thus Ci,j

equals Ci−1,j−1 plus the cost of translating vein i to
the position of vein j and the cost of changing the
length of vein i to equal that of vein j.

2. Insert a new left vein as a pair for vein j. Thus Ci,j

equals Ci,j−1 plus the cost of inserting a new vein of
length equal to vein j.

3. Insert a new right vein as a pair for vein i. Thus Ci,j

equals Ci−1,j plus the cost of inserting a new vein of
length equal to vein i.



It is easily shown that this recursive definitionimplies that
Cn,m is indeed an optimal solution which minimizes the
cost function. Calculating Ci,j requires calculating the costs
of the sub-problems Ci−1,j−1, Ci−1,j and Ci,j−1, thus, the
dynamic programming approach solves for the optimal so-
lution in a bottom-up approach initialized with C0,0 = 0.

This approach is detailed in the following: We firstde-
finethe three elementary deformations:

COI(l) = I0 ∗ l

COT (l, d) = T0 ∗ l ∗ d

COE(l, newl) = E0 ∗ |l − lnew|

COI is the Cost Of Insertion of a vein of length l. Note,
the cost is invariant to the position of vein insertion along
the main vein and to the side (left/right) on which insertion
is performed. Cost of insertion is equal to cost of deletion,
thus, the latter is not used in the algorithm.
COT is the Cost Of Translating a vein of length l a distance
of d units. Direction of translation is irrelevant to cost.
COE is the cost of elongating (shortening) a vein of orig-
inal length l to new length lnew. Cost of length change is
invariant to scaling direction (elongation or shortening).

I0, T0 and E0 are scalar weights determining the rel-
ative affects of each elementary deformation. Their val-
ues were set according to the biological growth model [10],
thus, I0 >> T0 >> E0. Weight Values were set to:I0 = 5,
T0 = 2 and E0 = 1.

Using these cost functions for elementary deformations,
we definethe following cost functions used in the algorithm:

COPi,j = COT (min(length(i), length(j)),

abs(pos(i) − pos(j))) +

COE(length(i), length(j))

COIi = COI(length(i))

COP is the cost of pairing left vein i with right vein j. Cost
consists of translating and changing length of one vein to
equal the position and length of the other. Since COT is
dependent on the length of the vein, the translation is per-
formed on the shorter of the two veins. Since COE is sym-
metric in direction of length change, w.l.o.g. the length of
the left vein is changed to equal that of the right.
COIi is the cost of inserting a new vein to be paired with
vein i.
We now definethe recursive cost function Ci,j as follows:

Ci,j = min(Ci−1,j−1 + COPi,j ,

Ci,j−1 + COIj ,

Ci−1,j + COIi)

C0,0 = 0

The dynamic programming process which computes the
values Ci,j , outputs the optimal solution Cn,m, which is de-
finedas the measure of symmetry of the original bifurcating
structure. In addition to the symmetry value, the sequence
of elementary deformations, used to obtain the optimal solu-
tion is reconstructed and a symmetrized version of the orig-
inal structure is obtained.

4. AN EXAMPLE

Symmetry = 0.43794

a. b.

Fig. 3. a) Veins of the leaf are marked. b)
The resulting symmetric structure.
Note: Figure is in Color.

Figure 3a shows an example of a leaf with marked veins.
The resulting symmetric vein structure and the symmetry
value are shown in Figure 3b.

5. EXPERIMENTS

The symmetry measure developed for bifurcating structures
was tested in an ecological study on the effects of stressful
environments on the growth of plants and animals. Stress
effects have been successfully demonstrated in the ”Evolu-
tion Canyon” model system in lower Nahal Oren, Mount
Carmel, Israel [12]. The microclimatic conditions on the
two slopes vary dramatically, affecting the evolution of or-
ganisms at all levels. The south-facing slope (SFS) receives
more solar radiation, higher temperature and stronger illu-
mination than the north-facing slope (NFS). Consequently,
the SFS is considered a more stressful environment for growth
and survival of plants and animals than the NFS. It has been
shown that the area of a leaf is an important characteris-
tic which is affected by stress conditions. It is also widely
believed that leaf symmetry is affected by stress conditions
during growth [11].



In this experiment we show that the symmetry measure
of bifurcating structures applied to the veins of the leaves,
indeed measures the deviation in perfect symmetry as af-
fected by the stressful environment. We show this correla-
tion using classification. We build a classifierthat discrim-
inates between samples of the canyon’s SFS and the NFS,
and show that classifying a novel specimen based on vein
symmetry improves classificationover classificationbased
on the leaf area.

The classifierused the Support Vector Machine (SVM)
technique [13]. We had 282 samples available: 138 from
the NFS and 144 from the SFS. Due to the small number of
examples we adopted the V-Fold Cross Validation method
for testing the quality of classification. Thus, subsets of the
SFS and NFS samples were used to for training the SVM.
Samples not included in these subsets were then used as test
cases to evaluate classification. This process was repeated
111 times with different subsets. The classifierwas trained
and then tested using vein symmetry, using leaf area and us-
ing both as the measured features. The percentage of correct
classificationwas determined in each case. Average results
over all runs are shown in Table 1.

Vein Symmetry Area Vein + Area
Average 64.8649 74.9868 79.9682

Table 1. Correct classificationresults using Vein Symmetry,
leaf area and both as measured features.

Results show that leaf area allows %75 correct classi-
fication. Results also show that classification can be per-
formed using vein symmetry as well. However, given the
popularity of using the area as a discriminating feature it is
important to see that using vein symmetry together with leaf
area as features, improves recognition by %5.

6. CONCLUSION

We proposed a measure of symmetry for bifurcating struc-
tures, namely leaf veins, which is based on biological growth
models. The measure is based on geometrical as well as
topological properties of the structures. The measure quan-
tifiesthe amount of energy required to deform the structure
into a perfectly symmetric one. Deformation is restricted to
actions which are in accord with biological growth models.
We introduce a computational scheme to calculate the sym-
metry measure, and showed the effectiveness of the symme-
try value in an ecological experimentation.
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